UNIFORMING n-PLACE FUNCTIONS ON T C ds{a) 



ESTHER GRUENHUT AND SAHARON SHELAH 

Abstract. In this paper the Erdos-Rado theorem is generalized to the 
class of well founded trees. We define an equivalence relation on the 
class ds(oo)"^^° ( finite sequences of decreasing sequences of ordinals) 
with Ho equivalence classes, and for n < ui a notion of n-end-uniformity 
for a colouring of ds(oo)^^'' with )j, colours. We then show that for every 
ordinal a, n < to and cardinal /i there is an ordinal A so that for any 
colouring c of T = ds(A)^'^° with fi colours, T contains 5* isomorphic to 
ds(a) so that cl'S"^'*'' is n-end uniform. For c with domain T" this is 
equivalent to finding S C T isomorphic to ds(a) so that c\S" depends 
only on the equivalence class of the defined relation, so in particular 
T (ds(a))^ . We also draw a conclusion on colourings of n-tuples 
from a scattered linear order. 

This paper is a natural continuation of [3] in which Shelah and Komjath 
prove that for any scattered order type (f and cardinal fi there exists a 
scattered order type ^ such that ip ^ This was proved by a theorem 

on colourings of well founded trees. By Hausdorff 's characterization (see [2] 
and [1] ) every scattered order type can be embedded in a well founded tree, 
so we can deduce a natural generalization of their theorem to the n-ary 
case, i.e for every scattered order type ip, n < w, and cardinal fi there is a 
scattered order type ip such that ip {^)^ Hq ■ 

We start with a few definitions. 

Definition 1. For an ordinal a we define ds(a) = {t] : rj a decreasing 
sequence of ordinals < a}. By ds(cxo) we mean the class of decreasing 
sequences of ordinals. 

We say T C ds(oo) is a tree when T is non-empty and closed under initial 
segments. T, S will denote trees. For C T C ds(oo) we say that S is a 
subtree of T if it is also a tree. We use the following notation: 

Notation 2. (1) For rj^v ^ ds(oo) by r/ n we mean rj\l where i is max- 
imal such that r]\^ = V 
(2) For T] G ds(oo) and a tree T C ds(oo) we define 

ry-T = {p : p < r]\J {3v e T){p = 77-^1/)} 
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Note that for rj G ds(cx3\{()}) and {()} C T C ds((X)) if r?(lg(77) - 1) > 
sup{p(0) : peT} then rj-^T C ds(oo). 

Definition 3. We define the following four binary relations on ds(co): 

(1) Let be the two place relation on ds(cx)) defined by rj v iff 
one of the following: (3^)(r/(^) < v{l) ox r]\l = v\l^ g^r] <v . 

(2) Let be the two place relation on ds(cx)) defined by 77 v iff 
one of the following: {^l){r\(t} < v{t) or 'q\i = v\t) m_v <ir]. 

(4) Let <^ be the two place relation on ds(oo) defined hy r] <^ v iff one 
of the following: r] <\u 01 for the maximal i such that r]\i = iy\i ii i 
is even then ri{£) < u{l) and if I is odd then r/(£) > 

It is easily verified that <£j.,<£j. and <^ are complete orders of ds(oo), 
and therefore is a partial order. The following remark refers to their 
order types defined by <]^, and <^ on ds(oo) or ds(Q;). 

Observation 4. (1) <J^, are well orderings for ds(oo). 

(2) (ds(a), <^) is a scattered linear order type for every ordinal a. 

(3) Every scattered linear order type can he embedded in (ds(a), <^) for 
some ordinal a. 

Proof. (1) Let ^ ^ A C. ds(c»), we define by induction on n < w an 
element an in the following manner ao = min{?7(0) : rj G A], assume 
' ' i^-n-i have been chosen so that (a^ : k < n) G ds(oo) and 
for every rj £ A {a^ : k < n) ri\n (if lg(??) < n then rj\n = ry). 
Now choose a„ = min{ry(n) : rj G A /\ rj\n = {a^ ■ k < n)}, if that 
set isn't empty. As the sequence derived in the above manner is a 
decreasing sequence of ordinals it is finite, say ao, • • • fln-i have been 
defined and a„ cannot be defined, we will show that a = (a^ : k < n) 
is the minimal element of A with respect to <j^. By the definition 
of the sequence there is an r/ G ^ so that r]\n = a, if lg(r7) > n then 
we could have defined a„, so 77 = a and in particular a £ A, and for 
every 77 G vl\{a} we have a rj. Let = min{m : afm G A} so 
afn* is the minimal element in A. 
(2) The proof is by induction on a. Assume that (ds(/3), <^) is a scat- 
tered linear order type for every f3 < a, and assume towards con- 
tradiction that Q can be embedded in (ds(a),<^), q 1-^ rjq. Let 
C = {i : i3p,q G Q)ir]pil) + ?7,(^))}, i = minC and L = {/? : 
{3q G Q)(??g(^) = /?)}. Without loss of generality i is even and 
for /?o = minL, /3i = minr\{/3o} there are qo < qi € Q so that 
%(^) = f3i, i = 0,1. Now iqo,qi) = Bq U Bi where Bi = {p e 
(QOtQi) '■ Vpi^) = A}- For some i G {0,1} the set Bi contains an 
interval of Q and is embedded in (77^. \{l + l)'~~ds(/3j), <^) but this 
would imply that Q can be embedded in (ds(/3i), <^) which is a con- 
tradiction to the induction hypothesis. 
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(3) By Hausdorff 's characterization it is enough to show for ordinals a 
and P that both Aa,p = (ds(Q!), <^) x /? and Aa,/3* = (ds(Q;), <^) x (3* 
can be embedded in (ds(a + /? • 2 + 1), <^). The embedding is given 
as follows, for (??,7) G Aq,/? we have (77, 7) 1-^ (a + /3 + 7 + l, a + /3)'~~77, 
and for (77, 7) G A^^j^* we have (ry, 7) 1-^ (q + /? • 2, a + /? + 7) '"77. 

□ 

Definition 5. For trees Ti,T2 C ds(oo), / : Ti ^ r2 is an embedding of Ti 
into T2 if / preserves level, < and (or equivalently, <^^, or <^). 

Observation 6. For trees Ti,T2 C ds(oo), if f : Ti ^ T2 preserves level 

and < then in order to determine whether f is an embedding it is enough to 
check for rj G Ti and ordinals 71 < 72 such that Vi = r]^{'yi) € Ti (i = 1,2) 
that f{vi) f{v2). 

As T C ds(oo) is well founded, i.e there are no infinite branches, it is 
natural to define a rank function, in the following definition rk^^^^ isn't the 
standard rank function but for ^ = 1 we get a similar definition to the usual 
definition of a rank on a well founded tree. 

Definition 7. For a tree T C ds(oo) and cardinal ji define rkr_^(77) : 
ds(oo) — > {—1} U Ord by induction on a as follows: 

(a) rkT,;,(?7) > iff ?7 G T. 

(b) rkT,;,(??) > a + 1 iff /X < |{7 : 77^(7) G T A rky,;, (77^(7)) > a}|- 

(c) rkT,;.(77) > 5 limit iff (Va < (5)(rkT,^(r/) > a). 

We say that rkr,^(77) = a iff rkT',^(7/) > a but rkT,^(77) ^ a + 1. 
Denote rkT,^(T) = rkT,^(()), and rkT(r7) = rkT,i(77). 

Definition 8. For a tree T C ds(oo), rj ^ T and cardinals /x, A we define 
the reduced rank rkjn^^(77) = min{A, rkT,/i(77)}. 

We first note a few properties of the rank function. 

Observation 9. For 77 G T C ds(oo) and an ordinal a we have: 

(1) For cardinals ji < /i' we have rkT^iu{rj) > rk7^^^/(77), and in particular 

(2) rkT(77) = U{rkT(77^(7)) + 1 : V^il) G T}. 

(3) rkds{a)({)) = a. 

(4) If vkT^niri) > a, n > a then we can embed 77'~'ds(a) into T, so that 
p ^ p for p ^ ij. 

Proof. 3 The proof is by induction on a. 

For a = this is obvious. Assume correctness for every (3 < a. 
ds(a) = U {{P)^y : V G ds(/3)}. For every (3 < a,v e ds(/?) we 

I3<a 

have rkds(a)((/3)'^z^) = '^k.^s{j3){''^) 1 therefore (the last equality is due 
to the induction hypothesis): 
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U{rkds(«)((/3)'^z^) + l:i^Gds(/3)} = U{rkds(/3)H + 1 : G ds(/?)} 

= rk(ds(/3)) 

= /3 

We therefore have rk(ds(a)) = U{/3 + 1 : (3 < a} = a 
4 The proof is by induction on a. 
For a = there is nothing to prove. 

Assume correctness for every /3 < a, and rkr^^(r/) > a, a < fi. 
For /? < a let C/3 = {7 : rkr^^(r/'^(7)) > /?}, so |C/3| > fj, and 
C/3 ^ Cpi for (3' < f3 < a. By induction on /3 < a we can choose 
an increasing sequence of ordinals 7/3 such that 7^3 = minF^ where 
F^ = {7 G C/3 : (V/3' < /3)(7 > 7/3')}- Assume towards contradiction 
that F/3 is empty, and let = (7/3' : /?' < P) H Cp. For every 
7 S Cp\C'p (and there is such 7 as |C/3| > /U whereas |C^| < |/?| < /x) 
as 7 ^ F^ then there is /?' < /? such that 7 < 7^/, assume /?' is 
minimal with this property, but that contradicts the choice of 7^' . 
By the induction hypothesis for every (3 < a there is ipp which 
embeds (7/'"(7^))'"ds(/?) in T so that 97/3 f{p : p ^ fl^ilp)} = Id. We 
now define : ??'~~ds(a) ^ T in the following manner, \i p <r] then 
^a{p) = else p = rj^u for some u S ds(a), so there is /3 < a such 
that = with z^i € ds(/3), and we define 

ipa obviously preserves level. 

For pi < p2 in r]^ds{a) if pi ^ r/ then obviously (pa{pi) < Va{p2)-, 
and otherwise for some /3 < a we have pi = r]'~'{f3)^Ui, i e {1,2}, 
ui <i^2 & ds(/3), and as (/?/3 is an embedding we have: 

For p G r/'~"ds(a), 71 < 72 ordinals such that for i = 1,2 pi = p'^i'ji) £ 
ry^ds(a), necessarily rj < p and there are /3i < /32 < a, t'i £ ds(/3i) 
so that Pi = ri'~'{(5i)^Vi. li Pi = P2 = P then i>i z^2, and as ipp is 
an embedding, 

On the other hand, if /3i / /32 then ipa{pi){lg{i])) = 7/3^, and as 
7/3i < 7/32' also in this case (faipi) ^aiP2)- 

By Observation [6] is an embedding, and by definition (fa \{p : p ^ 
r?} = Id. 

□ 

The following theorem was was proved By Komjath and Shelah in [3]: 

Theorem 10. Assume a is an ordinal and p a cardinal. Set A = ([al^^")"*", 
and let F : ds(A"*') p. Then there is an embedding if : ds(Q) — > ds(A^) 
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and a function c : u ^ fi such that for every rj € ds(a) of length n + 1 

F{Lp{ri)) = c{n). 

In what follows we will generalize the above theorem, in the process we will 
use infinitary logics. For the readers convenience we include the following 
definitions. 

Definition 11. (1) For infinite cardinals A, and a vocabulary r con- 
sisting of a list of relation and function symbols and their 'arity' 
which is finite, the infinitary language L^^a for r is defined in a sim- 
ilar manner to first order logic. The first subscript, k, indicates that 
formulas have < k free variables and that we can join together < k 
formulas by /\ or V) the second subscript. A, indicates that we can 
put < A quantifiers together in a row. 

(2) Given a structure S for r we say that 21 is an Lfj^^-elementary sub- 
model (or substructure), and denote 21 -<k,x or 21 -<l^ ^ *8, if 21 is 
a substructure of S in the regular manner, and for any L^j ^ formula 
if with 7 free variables and a G "^1211 we have 

«B ^ ip{a) ^ 21 ^ ip{a). 

The Tarski-Vought condition for a substructure 21 of OS to be an 
elementary submodel is that for any L^^A-foi^niula ip with parameters 
a C 21 we have 

!B \= 3x^p{xa) =^ 21 ^ 3xip{xa). 

(3) A set X is transitive if for every x G X we have x C X. 

(4) For every set X there exists a minimal transitive set, which is de- 
noted by TC{X), such that X C TC{X). 

(5) For an infinite regular cardinal k we define 

n{K) = {X : \TC{X)\ < k}. 

Remark 12. In this paper the main use of infinitary logic will be in the 
following manner: 

(1) r will consist of the two binary relations G and <*, so |L^+ ,.+ (r)| = 

(2) If k' <K,X' <X and 21 ^k,a then also 21 ~<^'^x' ^• 

(3) ^ft,A is a transitive relation. 

(4) For an infinite cardinal /i let k = /i"*", A = 2^, so k is regular and 
A^'^ = A. Recall that for a structure 53 and X C ||53|| such that 
|X| -|- r < A < 53 there is an elementary L^^k submodel 21 of IB of 
cardinality A which includes X. 

For further reference on this point see [1]. 

(5) If 21 ~<K,K ^ and x is definable in !B over 21 (i.e with parameters in 
21) by an hi^^i^-formula, then it is also definable in 2t by the same 
formula. In particular if 21 -<k,k, ® and X C |2t|, |X| < k then 
Xg|21|. 
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Definition 13. We say two finite sequence {rji : £ < n) , {ui : £ < n) are 
similar when: 

(a) lg(%) = \g{vi) for £ <n. 

(b) lg(??£ n r]m) = lg(f^ n Urn) for i,m<n. 

(c) {t]£ rjrn) = {^1 Urn) for £,771 < n (equivalently, we could use 

Observation 14. (1) Similarity is an equivalence relation and the num- 
ber of equivalence classes of finite sequences is b^o- 
(2) {r]i, . . . ,r]k,u'), {7]i, . . . ,r]k, v") are similar if 

(a) r/i ri2 <i . . . <i m 

(b) m <l v' 

(c) r]k <l v" 

(d) Uv') = Uv") 

(e) lg(i/'n7?fc) =lg(z."nr/fc) 

Proof. (1) Similarity is obviously an equivalence relation. 

The equivalence class of a finite sequence of ds(oo) is determined by 
its length n, the lengths {ui : i < n) of its elements, the lengths 
(njj- : i,j < re) of their intersections, and a permutation of re (the 
order of the elements according to <l^)- Therefore for each n < lo 
there are i^o equivalence classes of sequences of length re, and so the 
number of equivalence classes of finite sequences of ds(oo) is Hq- 
(2) We need to show that lg{u' n rji) = lg{u" n r/j) for every < i < A;. 
rjk u' and rjk u" . If v' <l 77^ then we also have lg(i^" n ry^) = 
lg(i^' n rjk) = lg(i^') = lg(z^") so v" <\ r]k, and u' = v" . In this case 
obviously the required sequences are similar, so we can assume that 
there is £ such that rik\£ = u'\£ and i''{£) > T]k{£)- By the same 
reasoning as above we deduce that rjk \£ = y"\£ and v"{£) 7^ T]k{£) so 
necessarily i'"{£) > T]k{£)- 

□ 

The last term we will need before moving on to the main theorem is that 
of uniformity. 

Definition 15. Let T C ds(oo) be a tree, c : [T]<^° C. We identify 
u G [T]^^" with the <£^-increasing sequence listing it. 

(1) We say T is c-uniform if for any similar ui,U2 in [T]^^" we have 
c{ui) = C{U2). 

(2) We say T is c-end-uniform (or end-uniform for c) when 

if m r]2 <i ... <i m <i p',p" are in T and Ig(p') = 

^g{p")Ag{Vkf^p') = ^siVk^ip") (equivalently {rji . . . r]k,p'), {m ■ ■ ■ Vk, p") 
are similar-see IH3)) 

then c({7/i . . . Vk,p')) = c((r/i, p"))- 
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(3) We say T is c-n-end-uniform (or n-end-uniform for c) when for k < uj, 
r]i, p'j, pj G ds(oo) {0 < i < k,0 < j < n) such that 

Vi <L< V2 <L • • • <L Vk <L Pi <ex ■ ■ ■ <ex Pn 

m <i< V2 <i • • • <i Vk <i p'l <i< ■■■ < Pn 

if those two sequences are similar then 

c{{r]i . . . , p[ . . .)) =c((r/i...p'/...)). 

We are now ready for the main theorem of this paper. 

Main Claim 16. Given a tree S C ds(oo) and a cardinal p. we can find a 
tree T C ds(oo) such that 

(*)i for every c : [T]^^" p there is T' Q T isomorphic to S such that 
c\T' is c- end- uniform. 

(*)2 |r| <n|s|+(|s| + M). 

Proof. We assume that \S\,p are infinite cardinals since one of our main 
goals is proving a statement of the form x — > [y]J^Xo' otherwise the bound 
on T has to be slightly adjusted. 
For each 7/ € S let 

"r, = OLs{r]) = otp({z^ eS -.v r/}, <j^), 
Pr, = Usa^+idSI + p), 

\ =n3(/ir,) + . 

Note that pq,Xq are the maximal ones, and let x >> -^O) ^iid <* be a 
well ordering of 7^(x) (see fTTT S)). By definition, for every r/, i/ e 5 such that 
r] u we have pr^ < py, and A,; < \u in the following we examine the 
relation between p^ and A,, for rj ^ u. 

Observation 17. For rj u we have Pv > ■ 

Proof. Since a^, > + 1 we have: 
py = Dsa^+idS"! + ^) 

> ^5(q^+1)+i(I'S'I + ^) 
= ^5(M»)) 



A+ 



□ 



let T := ds(A^), we will show that T is as required. Obviously T meets 

requirement (*)2, and let c : [T]^^" p. Because of the many details in 
the following construction we bring it as a separate lemma. 

Lemma 18. For ^ S we can choose M^, T* and v^^n £ T for n < cj with 
the following properties: 

(1) M-ri is an ^+-elementary submodel of'R = iTL{x), S, <^)- 

(2) IIM^II = 2^"."' " 
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(3) S,T,ceM^,. 

(4) Mp, Vp^n G Mr, for p r], n < uj. 

(5) Properties of T* : 

(a) T* 

— ^'n,\g(r})^' where T' is isomorphic to ds(2 ''). 

(b) If v' ,u" G T* and are of the same length then they realize the 
same L + ,,+ -type over Mr,. 

(6) Properties of the Vr^^n'- 

(a) Vr,,n is of length n. 

(b) t',?,igW ^ ^^v 

(c) lg(r?) =m<n^ z^r?,n(m) ^ M^. 

(d) f,;,ra G 7^,^; and for n > lg(r?) /las at least pr, immediate succes- 
sors in T* . 

(7) Ifr] = r]i'^{a), then 

(a) Mr,, T*, Vr,^n G forn<LO. 

(b) i'r]i,n,'^'q,n realize the same L,^+ ^+-type over {Mp,Up^ri '■ n < 
uj,p<}^ r]}. 

(c) f,,i,n = i^»),n for n < Ig (?7i). 

(d) Z^^,„ <L ^'71,™ /c"^ ^ = lg(^)- 

(e) ^v,Hv) = ^v,hm^i'y) for some 7. 

(f) Ifr]' = 77i'"(a') with a' < a then i^r,',ig(,,') ^r),ig(r;)- 

Proof. We show a construction for such a choice by induction on <j^, yes, 
<L not <2^. 

As the induction is on the base of the induction is the case rj = {). First 

choose M/\ + , B of cardinahty 2'^^ , so that S,T,c G M/\ (this can 

"O'^O _ _ 

be done, see Remark 1121) . The number of L + + formulas ip(x,a) where 



a C ^O^Mq (sequences of length < /i^ in Mq) is < (2^0)^0 = 2^0 hence 



the number of L + + -types over M/\ is at most p' = 2 , so we colour 

T = ds(A^) by < p' colours, cq : T ^ p', so that for p e T its colour, cq{p), 
codes the L + +-type which p realizes in B over Ma. As 

{{^2{po)Y'"'r = ^M))^ = \) 

by Theorem [TO] there is an embedding of ds(n2(^())) in T, and define T*^ 
to be its image, so that types of sequences from T*^ depend only on their 
length. We choose representatives (z^(),n : < n < w) from each level larger 
than so that for n > i^{)^n and has at least pi^^ immediate successors in 
T^* and satisfies 6(c). The latter can be done by cardinality considerations, 
||M() II = 2'^0 , while the cardinality of levels in T*^^ is '22{p{)). We let z^^^^q = 
()• 

It is easily verified that for t] = {) all the requirements of the construction 
are met. 
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We now show the induction step. 

Assume t] = rji'^'{ai), lg(??i) = r, and that we have defined for 7]i (and below 
by <l^) and we define for t]. 

®i Let Arj = {Mp, Up^n : n< uj,p r]}. 
For any p <|^. r] if p = 'qi^{a) for some a < ai then from requirement 
(7) (a) of the construction for p we have Mp G M^^, and also for all n < a; 
T^p,n G -^r;i i else p <|^. Tji therefore from requirement (4) of the construction 
for r/i we have for all n < a; Vp^n ^ -^r/D and Mp G Mr^^. So A^^ C M^^, 
and l^^l < /i^^, so A^^ is definable by an ^+ -formula with parameters 
in M^j , so we have: 

®2 Ari C M^j, |^r,| < /X,, < /i,;^, therefore A^^ G M^^. 
For every n < cj let 

®3 ^n{x) = ^fir,^,n{x) = A( the L^+^^+- type which realizes over A^) 
And let 

®A = {p eT -.B ^ (pig(p){p)}. 
As the cardinality of the L + +-type of any G B over A„ is at most 2^^ 
which is less than am , for every n < to we have that cp^ is an L, + , + -formula 
and therefore is definable in Mn^ by an L, + , + -formula, namely 

pGT^^ (^peTA{\/ (lg(p) = n A Mp)))) 

n<uj 

So 

®5 G M^^ and for every n < w we obviously have M^i,n £ Tip- 
Recall that for all n < a; i'r]i,n & T*_^ , so for any p G T*_^ of length n, we have 
that p realizes the same ^+ -type over M^^ as i'r]i,n so in particular they 
realize the same ^+-type over A^, so p £ T^. For m > n v^^-^^n, i^rji,m In are 
of the same length, so in particular (pmix) l~ (pn{x\n). If p G T^, Igp = m 
so B ^ (fmip) therefore B |= (/7„(pfn) and therefore also p\n G T^. We 
summarize: 

®6 is a subtree of T and T^^ C T^. 
The following point is a crucial one, we show that: 

®7 rkr^,^^^ (z^r?i,n) > Prii for every n such that lg(r/i) < n < u; . 

Assume toward contradiction that rky^^^^^ (f^^^) < /Ujji for some lg(r?i) < 
m < uj, and define for each n such that m < n < to : 

In = l-kr^,/.^! (l^r,,n) and 7^ = "^^^^^^ i^vun) 

(see Definitions [7] and [8|). We now prove by induction on n > m that 
7n+i < /^rjn i-e 7n = 7n- Foi" n = m this is our assumption, and assume that 
it is known for n. The following can be expressed by L + + -formulas with 

parameters in M^^ : 

V'l : 'x has rk^^^^^^ (x) = 7^' 
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■02 : has at least fXrn immediate successors y in T^p with rk^,^^^^^ (y) > 

ln+1 

We have B \= ■0i(z/^^^„), and since T*^ C T<^ (see ©g) we also have B \= 
ip2{t^rji,n)- By the induction hypothesis for r]i we have i^r]i,n,'^r]i,n+i\n' £ 
and as they are the same length realize the same ^+ -type over M^^ , so 

B 1= TpiAip2{i'r]i,n+i \n-), or in more detail, we have that iki^J^^^ \n) = 

'jn, i.e TkT^^f^^^{i'r]i,n+i\n) = 'jn, and i'r,i,n+i\n. has at least ^rji immediate 
successors in with reduced rank 7j^_|_i, so by the definition of rank (Defini- 
tion [7]) we have 7^ > 7n+i- By the induction hypothesis 7^ < fJ-ni, therefore 
also Jn+i — ln+1- In particular we can deduce that 7^+1 < 7n) so having 
carried out the induction we have an infinite decreasing sequence of ordinals 
which is a contradiction. 
Recall that lg(r/i) = r so lg(?7) = r -|- 1, 

®8 Define f^^^ = ior £ < r. 
BydZl^^i > A+, by ®7 rk^^,^^^ (i/^^,^) > /x^^ therefore rkr^,^!^^ (i^,,i,r) > A+ 
so by definition there are u € SucT'(fj7i,r) H satisfying rk^,^^^^^ (i/) > A^, 
defining v^^r+i to be one such v which is minimal with respect to (this 
is equivalent to demanding that v{r) is minimal) can be done by an ^+ 
formula. We therefore conclude: 

®9 We can choose i'n,r+i £ SucT(fr7i,r) H T<^ n M^^ such that 
(i) rkr^,^^^(i/^,r+i) > A+. 
(ii) i^n,r+i is minimal under (i) in <^^. 
As i^r,,ig{v) ^ Mn^and %,ig(r,)(lg(?/i)) ^ Mr,^, we have: 

®io ^r],ig{ri) <\x '^mMv)-' notice that as they are the same length <fe^<|a.- 
Now for any p = r/i'"(a) G 5 where a < ai we have that p <|^. ry and 
therefore fp,r+i G (see ®i). t'r;,ig(»;)) i'jji,ig(j;) realize the same ^+-type 
over Ar^, and by requirement (7)(d) of the construction for p (lg(p) = lg(f?)) 
we have i^p,\g{ri) <L '^'ji.igC??) ^^^o ^p.igCi?) <L '^'j.igCr?) ^'^cl as above, as they 
are the same length <£^=^<^j., and we therefore conclude that: 

®ii If p = r]i^{a) G 5 where a < ai then fp,ig(,,) 
Since US', t, c, '^}7ig(r?)} U < 2^'' by Remark [T2] we can choose so that 
®12 -<'L + + ^r?ii and therefore also + + B, of cardinality 

2^" and {S, t, c, U yl^ C M^. 

By the same remark we can conclude that 

®13 G M^,. 
Lastly we choose T* and f^.m for m > Ig(ry). 

We have already commented that rkr_^_^^^ (k^ ig(^)) > A+, so from Observa- 
tion d we can embed i'r^jg(,j) ds(A^) into T^^ so that p \ — > p for p ^ '^r?,ig(r;)) 
and denote one such embedding by ip, without loss of generality ip G Af^^. 
The number of L, + ,+ -types over M„ is at most u' = 2^'"'. We colour 
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ds(A^) in < /x' colours, the colour of p G ds(A^) is determined by the 
^+-type which '4'{vn,\g{r))'^P) realizes over M^, call this colouring c^. As 

{(Il2{^^'q)Y'^^ )^ = "^zil-kj)^ = \, we can use [10] to get an embedding 6 
of ds(lll2(/ir?)) into ds(A,^) so that for p G ds(n2(/i,;)) the ^+-type that 
^ri,n+i'^S{p) realizes over depends only on its length. Since the set X 
of ^+-types over is in M^^ of cardinality at most p' < firn we have 

X C Mrij^, also ds(A^) € M^^ so Cjj € M^^ and therefore without loss of 
generality 9 £ . We define 

®14 T* = i^^^ig(^)-^6'(dsp2(^^))). 
T* E M^-^ and meets requirement (5) of the construction. We will now choose 
representatives {pm : < m < uj) from each level of ds{H2{pr])) so that 
i'rj,n+i^GiPm) has at least //^ immediate successors in T* and Uri^n+i^GiPm){^s{'n)) ^ 
M^j, since the existence of such representatives in B can be expressed by 
an L + + -formula with parameters in M„, so without loss of generality 
Pm S and define 

®15 l'r],lg{ri)+m = ^ri,n+l"~^9{Pm) ■ 

T* is a subtree of T^, therefore p £ T* realizes the same L„+ ,,+type over 

as f^ijg(p). The i'ri,n for n > lg(r?) were chosen to satisfy (6)(c)-(d) so in 
particular they are in T^, and therefore realize the same L + +-type over 

as i'r]i,n- By the induction hypothesis we have already constructed for 
rji so for all n we have lg(i/^^n) = lg(f^^_„) = n so also (6) (a) is satisfied. 
Requirements (l)-(4) and (6)(5) of the construction are taken care of by ®i2. 
®7-®ii> ®13 and ®i5 guarantee requirement (7). □ 



All that is left in order to complete the proof of the claim is to show that 
{^r;,ig(»?) '■ 1] ^ S} is end- uniform with respect to c. 

Let r]i ri2 . . . rjk p' , p" , be as in[TH2); without loss of gener- 
ality p' Let t = Hp'np"), p' = p+ and A = {i^p^i^p : p p'\it+l)}. 
We first show that for every i <k rji p'\{t + 1) so that Vni.\g{r)i) ^ ^- 
rji p' and lg(?7j n p") = \g{'qi fl p') so p' r]i, therefore there is such 
that = p'\li and r^i{li) < p'{ii), but then r]i\ii = p"\ii i.e p'\ii = p"\ii 
so ii<t (and rjiiii) < p"{ii)) and r]i p'\{t + 1). 

We now prove by induction on £ G [t,lg(p')] that fp'|-^,igp' and i'p'it,igp' realize 
the same L^/^^'-type over A. For i = t this is obvious. Let us assume cor- 
rectness for i and prove for i + For every n < by (7) (6) of the construc- 
tion Upi |-£ „, u„i t(£+i\ n realize the same L,,+ -type over |M„, Vg „ : 

p p'\{(- + 1)} and in particular over A, for if p p'\{t + 1) then also 
P <*ex P'li^ + So Vr^,igp'' Vr(^+i),igp realize the same L + + 
type so also the same L^/^^z-type over A, and from the induction hypothesis 
^p'\t,igp' and i'p'\e,igp' realize the same L^/^^'-type over A. Similarly we show 
for p", so fp',igp' and fp",igp" realize the same ^+ -type over A. 
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From the above we can deduce that in particular 

cCKiJsCm)' • • • ' ^%,ig{%), V,ig{p'))) = c(('^^^i,ig{m)' • • • ' ^%,ig(%)' V.W)))- 

□ 

Conclusion 19. Given a tree 5 C ds(oo) and n(*) < w and fi we can find a 
tree T C ds(oo) such that: 

(*)i For every c : [T]^^" — > /i there is S" C T isomorphic to S such that 

S' is n(*)-end-uniform for c. 
(*)2 In particular, for every c : [T]"^*) ^ ^ is 5' C T isomorphic to S" such 

that c\S' depends only on the equivalence classes of the equivalence 

relation defined in 1131 
(*)3 |r| < Hi /i) (see Definition [20l below). 

Proof. Let S, fi be as above. Since for \S\, fi > we have that „(^,)([5|, /i^°) 
-^i,n{*){\S\, fJ-), replacing /i with /i^" gives the same bound, and we can there- 
fore assume that n = . 

Let {hji : n < w) be the equivalence classes of the similarity relationship 
on finite sequences of ds(oo) (see [UT I)). and let / : '^{fj, U {—1}) — /i be 
one-to-one and onto. 

We construct by induction a sequence (T^ : n < so that Tq = S, and for 
every n > 0: 

(a) |T„| < li^nilSl,^) 

(b) Tn-i,Tn, /J- correspond to S,T,fi in Theorem [T6l 

(c) For every c : [T^]^^" — > /i there is S' C T„ isomorphic to S such that 
S' is n-end-uniform for c. 

By TheoremllGlwe can obviously construct such a sequence satisfying clauses 
(a), (6), We will show by induction on n that for this sequence also clause 
(c) holds. For n = 1 this is Theorem 1161 Assume correctness for n and let 
c : [T„+i]<^o ^ ^. By (6) there is T' C T„+i isomorphic to T„ so that T' is 
end-uniform for c. Let : T„ — s- T' be an isomorphism and let d : [T']^'^° — s- 
"^{fi U {-1}) as follows: for p = {pi . . . Pk) where pi p2 ... Pk 
and m < uj 

^ ' \ -1 otherwise 

d is well defined as T' is end-uniform for c, and by defining . . . pk) = 
{ip{pi), . . . (fipk)) for pi, . . . Pk £ Tn we have f o d o (f : [r„]<^o p, so by 
the induction hypothesis there is T" C T„, isomorphic to S so that T" is 
n-end-uniform for f o do ip. We claim that 5' = (p{T") is isomorphic to S 
and that 5' is n -|- 1-end-uniform for c. As T" is isomorphic to S and 93 is an 
isomorphism S' is obviously isomorphic to S. Let the following sequences 
in S' be similar, 

,2 , ^2 ^2 ^2 ' ^2 ^2 / 

^1 "^2 <£x • • • "^ix Vk <ix Pi "^ix ■ ■ ■ "^ix Pn+1 
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Vl <i< m <i • • • <i m <i p'l <i< . . . < pn+1 

So in T" the following sequences are similar: 

. . . p'l' . . . p::,) = iv^-\vi)v^-\p'() ■ ■ ■ ^-\p'L)) 

so f o d o (p{ip-'^{rii...r]k, p'l-.. p'n)) = / o d o 99((^-i(r7i...%,/j'/...p^)). 
Therefore we have f{d(r]i . . . rjk, p'l ■ ■ ■ p'n)) = /{dim ...r]k, p'[ ■ ■ ■ Pn)), and 
as / is one-to-one, . . . r]k, p'l ■ ■ ■ p'n) = d{r]i . . .rjk, p'{ ■ ■ ■ p'^), and there- 
fore c(r/i ...r]k,p[... p'^^-^) = c{r]i . . . p" ■ ■ ■ p'n+i)-, and (*)i-(*)3 are easily 
verified. □ 

Definition 20. For cardinals A > ^!;o and p define ni^a(A, /i) by induction 
on a. Ili,o(A,^) = '2o{X) = A, '2i^a+i{\ p) = n3^^^(A,^)+Pi,a(A,^) + p), 
and for a limit ordinal a I]i^a(A, /u) = ^i./3(A,/^)- 

I3<a 

We end with a conclusion for scattered order types. 

Conclusion 21. For a scattered order type (p, a cardinal p and n < to, there 
is a scattered order type ip so that tp {v)"^ ^o' 

Proof. Given a scattered order type ip, a cardinal p and n < a; by Observa- 
tionlUS) we can embed ip in (ds(a), <^) for some ordinal a. By Conclusion 
[I9j*)2 above there is an ordinal A and a tree T C ds(A) so that for every 
colouring c : T" p there is a subtree S C T isomorphic to ds(a) so 
that c\S depends only on the equivalence class of similarity. Noting the 
above Observation, as (T, <^) is a scattered order, and as there are only Hq 
equivalence classes, we are done. □ 
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